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EFFICIENT COMPUTATION IN GROUPS
AND SIMPLICIAL COMPLEXES
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JOHN C. STILLWELL

ABSTRACT. Using HNN extensions of the Boone-Britton group, a group E is
obtained which simulates Turing machine computation in linear space and cubic
time. Space in E is measured by the length of words, and time by the number of
substitutions of defining relators and conjugations by generators required to convert
one word to another. The space bound is used to derive a PSPACE-complete
problem for a topological model of computation previously used to characterize
NP-completeness and RE-completeness.

Introduction. The ability of mathematical systems to simulate computation has
often been used to prove unsolvability results. The first, and most instructive,
example was Post’s simulation of Turing machines by finitely presented semigroups
[10]. For each deterministic Turing machine M, Post constructs a semigroup 7(M)
on generators we shall call g,, s,, where a and b range over certain finite sets. An
instantaneous description (ID for short) of the state of computation at any moment
can be written as a word 2 in these generators, there is a special g, generator called
g, and the defining relations of 7(M) are such that £ = g is derivable if and only if
the ID 2 leads M to halt. Thus the halting problem for M is reduced to the word
problem for T(M), and by choosing an M with unsolvable halting problem Post
proved the unsolvability of the word problem for semigroups.

The simulation of M by T(M) shows that “semigroups can compute”. What is
interesting from the viewpoint of computational complexity is that the derivation in
T(M) which reflects a given computation of M has length bounded by a linear
function of the length of computation. Thus “time” in T(M) (measured by the
number of steps in a derivation) is slower than M’s time by no more than a linear
function, so the simulation is efficient with respect to time (and, a fortiori, with
respect to space) and, in particular, the semigroups 7(M) can do polynomial time
computation.

We now briefly review Post’s argument, because with a little elaboration of it one
can also obtain nondeterministic polynomial time (NP) computation in semigroups.

An ID 2 of M consists of the sequence of symbols s, on M’s tape at the given
moment, bounded to left and right by end markers s,, and with a symbol ¢,
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representing M ’s current internal state, inserted to the left of the symbol represent-
ing the current scanned square. A step of computation changes the ID in a region 2
or 3 symbols to left or right of the g, symbol, yielding an M-successor, 2', of =. 3’
can be obtained by substituting a word I, containing a symbol g, for the state
which follows g, for a suitable subword Z; of 2 containing q,. Thus a computation is
a sequence (Z, 2',...) of ID’s, each of which results from its predecessor by one of
the above transformations X, —» I;. Additional transformations, which we also
denote by 2, - I, are introduced for the purpose of simplifying any ID which
occurs at the end of a halting computation. They introduce the special symbol ¢
which then “eats up” all other symbols so that

3 — g & 2 leads M to halt,

where — denotes convertibility by means of the transformations =, — I’;. A word 2’
which results from = by one of the new transformations 2; - I, will also be called
an M-successor of =, and likewise any M-successor of an ID will be called an ID.
Post now adds the inverse transformations and considers the semigroup T = T(M)
which results with generators {q,}, {s,} and defining relations 2, = I};. To show that

2 =gqin T(M) < = leads M to halt

it suffices to show that the set Halt(M) = {ID’s 2 | 2 - g} is closed under M-
successors and M-predecessors. If 2 € Halt(M) and 2’ is an M-predecessor of Z,
then 2’ -» 2 and it is immediate that £’ € Halt(M). If 2’ is an M-successor of Z,
and if 2’ contains ¢, then =’ — ¢ trivially. If 2’ does not contain ¢, then = and Z’
are successive ID’s in a computation and we can use Post’s argument when M is
deterministic. Namely, 2’ is then the unique M-successor of Z and hence 2’ - g as
part of the process = — ¢, so 2’ € Halt(M). If M is nondeterministic we have to
assume that M “preserves its past” in a suitable way, so that if £ is an ID which can
lead M to a halt then any M-successor =’ of 3 can also lead M to a halt, in effect by
recovering 2. Any nondeterministic Turing machine N can be simulated in linear
time by an M with this special property. For example, M can begin by duplicating
the input of N, replacing each symbol s, by a double symbol s,s, in a single square
of tape and thereafter behaving as N does, but only on the right-hand half of each
double symbol (thus preserving the input as the sequence of left-hand halves), except
that at any time M has the option of erasing the right half of each square and
starting afresh by copying the input onto the now blank right halves of the squares.

Thus, whether or not M is deterministic, 7(M) simulates M in the sense that
2 =g in T(M) < 2 leads M to halt and the simulation is efficient, in fact linear
time, because a computation (=, 2’,...,2() is represented by a derivation of no
more than (2n + length(Z)) steps. The first n steps produce exactly the words
%,...,2™, and if halting occurs the number of steps needed to reduce =(™ to g is at
most length(Z) + n, the maximum possible length of =(™.

DEFINITION. A system S( M) simulates a Turing machine M efficiently if:

(1) There is a polynomial time computable mapping = —» W(Z) from ID’s to
words of S(M), and a distinguished word € such that Q is derivable from
W(2) = Z leads M to halt.
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(2) There is a polynomial time computable derivation function D(Z, Z’), whose
value is a derivation of W(2') from W(X) when X’ is an M-successor of =, and a
derivation of Q from W(Z) when 2 = 3’ is a halting ID.

Since the length of output to a polynomial time computation is bounded by a
polynomial function of the length of input, (2) implies a polynomial bound o(/) on
the lengths of words required to derive W(Z’) or £ from W(X), where / = length(2).
It likewise implies a polynomial bound ¢’(/) on the number of words in D(Z, ).
Now if M takes s steps from 2 to halt, any ID in the computation has length </ + s,
so (2) implies a derivation of Q from W(Z) in < s-o’(/ + s) steps. Thus

1(l,s)=s-0'(l+5)

is a polynomial bound on the length of derivations in S( M), relative to the length of
computation in M and the size of the initial ID.

Of course, the lower the degree of o and 7 the better one feels the simulation to be,
and Post’s construction shows that linear ¢ and 7 can be attained for semigroups.
However, a simulation within polynomial bounds deserves to be considered efficient,
since Turing machines themselves are the most efficient model of computation only
modulo polynomial bounds.

A careful study of existing proofs of the unsolvability of the word problem for
groups [1-4, 6, 8, 9, 11] shows that all require exponential time, and hence they do
not efficiently simulate Turing machines in the above sense. It turns out, however,
that a modification E of the Boone-Britton group of [2] can simulate a Turing
machine efficiently, in fact in linear space (i.e. o linear) and cubic time (i.e. T cubic),
hence E joins Post’s semigroup T among the efficient models of computation. The
present paper describes the modifications needed, and deduces an efficient topologi-
cal model of computation. We use the notation of [2], except that we write
presentations with angle brackets, and we extend the presentation notation slightly
by writing

H=GU ({n}; {U=1V})})

to indicate that H results from G by adding new generators 4; and relations U, = V;
(which may involve generators of G).

The derivational steps we need are not only cancellations and substitutions
according to the defining relations of E, but also conjugations by generators of E.
This amounts to the same thing as considering words to be circular, then allowing
only cancellations and substitutions. It can be justified on the grounds that

W equals 1 < all conjugates of W equal 1

and the fact that 1 is the word @ which simulates “halt” in the Boone-Britton group.
Conjugation is also a natural operation in the topological context, where words are
represented by closed curves.

(ADDED June 6, 1982). It should be pointed out that the present work is quite
different in content from the work of Trakhtenbrot [15] and Valiev [16, 17] on the
efficient reduction of word problems to halting problems. Both these authors are
concerned with efficiently deciding, by ordinary computation, whether a given word
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W = 1. They do not confine themselves to operations on W which have a group
theoretic meaning. The purpose of our restriction to “derivational steps” which have
a group theoretic meaning is to obtain results about the complexity of group
theoretic processes and related topological processes. Some such results are given in
the last section of this paper. Another consequence, which will be published
elsewhere, is NP-completeness of the problem of finding bounded solutions to
equations in free groups.

In fact, I should claim only to have observed the existence of efficient computation
in groups, and some of its consequences, since it now appears that the group E
constructed below is not the first which simulates computation efficiently. The
referee has pointed out that the original construction of Boone [0] is not the same as
the one in [1], and it appears to simulate Turing machines in polynomial time. The
construction of E, if not actually necessary, nevertheless presents a “data compres-
sion” technique which is useful in work with the Boone-Britton group or the
Cohen-Aanderaa group of [4] and [14], and at least it allows one to avoid reading the
formidable details of [0]. Ideally, some dedicated group theorist should reexamine [0]
and simplify it in the light of present day knowledge, since it appears capable of
yielding a simulation in linear space and quadratic time, improving the results of the
present paper.

Simulation of a Turing machine in the Boone-Britton group. The Boone-Britton
group G = G(M) has generators {q,}, {s,}, k, t, x; y, {I;}, {r;}, of which the g, and
s, are the generators of Post’s semigroup 7. Any special word = of T, i.e. a word
consisting of s5,’s and one g, symbol (such as an ID), is encoded by

(1) W(Z) = k'S Sk 1S

and the defining relations are

SpY = Sy, xs, = $pX2,
Spli = Yl ysy, ISy = SpXriX,
) 2, =T (foreach 2, = I in T),
t, =1z, r.k = kr,,
ty = yt, xk = kx,

k7'q7tgkq 't 'g = 1.

LeMMA 1. If 2’ is an M-successor of a special word Z of length |, then one can
convert W(Z) to W(Z') by derivational steps of G, producing words which, except for
the presence of two subwords of each of the forms

yt(2'"—l)li-'_-ly:(2”'-l)’ xt(Z"—l)ri:lx:(Z"—l)’
where m, n < I, have lengths bounded by a linear function of | and involve only {q,},
{sp}, k, 1.

ProoOF. Since 2 is a special word we may assume = = UZ,V, 2’ = UT,V, where
U, V consist only of s,’s. First use the relation =, = /,I}7, of (2) to convert

W(Z) =k 'S USkZ 12
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to
kN ULT,rV ) (ULT Y ) k(ULT, eV ) e (ULT V).

Now use the relations s,/, = yl, ys, and s,y = y’s, to move /, (flanked by lengthen-
ing strings of y’s) to the other side of U. We have

Sp,, 'sbzsblli =58y, Sp, VS,

=S, " y2eyly 'yzsbzsbl

2m—1

— ,2m—1 .
=y liy Sb,, """ Sb,5b,

as is easily proved by induction; hence if length(U) = ¢ we get
Ul =y* L y* .
Similarly, if length(V') = d we get
rV = Vx¥ "l x? !

and if we transport /,, y’s and r;, x’s simultaneously across the two occurrences of
U ="', ¥ *! then at intermediate stages of the derivation we have two subwords of the
forms

y::(2"‘—1)li:ly:(2"’—l)’ x:(2"—l)ri:1x:(2"—l), m,n <]/

Once y~@"~V|71y=@"=D and y2"~ 1], 2"~ are facing each other across the ¢ and 77!,
they can be commuted across ¢ =' into mutual annihilation. The 7,’s and x’s can be
annihilated similarly by commuting them across k and k! (remembering that we
regard the word as circular), and we will then have

k" UTV) ' t((UTY)k(UTY) 't (UTY),

thatis, W(2’). O

The referee has pointed out that the conversion of W(Z) to W(Z’) can actually be
managed in linear space, essentially by moving only the outermost y and x in each of
the four special subwords. The conversion still takes exponential time, however,
since the same (exponential) number of y’s and x’s have to be moved.

Lemma 1 is essentially a sharpened form of the easy direction of the Boone-
Britton theorem: if = - ¢ in M then W(Z) = 1 in G. For if we apply Lemma 1 to
the sequence of M-successors of = which ends in g we will derive the word

W(q) = k7'q 'tgkq™'t™'q

which equals 1 by the last relation of (2).

We shall re-enact the proof of Lemma 1 later (Theorem 2), when we have found a
way to compress the powers of y and x to words whose lengths are of order /, where
[ = length(Z). The number of atomic operations in the derivation will then be of
order /2.



720 J. C. STILLWELL

Power compression. If y is an element of infinite order in any group 4 then y > y3
defines an isomorphism between subgroups of 4 and we can make an HNN
extension to

H=AU (v;vyo =y*).
The new element v can be used to “compress” powers of y because the new relation

(3) vy = y?
implies v~"yo™ = y3”, as follows easily from the equations
D—(m+])y0m+l =pm. o"yv M =p ™ ,y3 a— v—myvm . v—myvm . v—myvm

and induction on m. Life would be easier if we could use the relation
(3)/ v-lyv — y2,
which implies v™"yv™ = y?", as this gives a more convenient way to shorten the
words y2"~1,y2"~! in the derivation shown in Lemma 1. However, to move the v’s
past the 5,’s and ¢, without spending exponential time converting them back to y’s,
we need the relations
(4) 50 =vs, or vl's=s,,
(5) tw=uv or v'w=rt,
and it so happens that (3)', (4), (5) do not define an HNN extension of G, whereas
(3), (4), (5) do. The latter fact will follow if we can prove:

(a) y is of infinite order in G;

(b) the subgroup of G generated by y, t, {s,} is Ay, =(y,t,{s,}; ty = t,
{spY =¥}

(c) the homomorphism of 4, determined by y - 3, > ¢, 5, > 5, is an isomor-
phism.

We prove (a) and (b) in Lemma 2, (c) in Lemma 3. The notation A = B is used to
express “A embeds in B”. By the fundamental theorem on HNN extensions [7],
A = H if H is an HNN extension of 4.

LEMMA 2. Let As = (y; ); Ay = { ¥, t, {sp}; ty = yt, {5, = y*s,}). Then there are

groups A5, A,, A, such that
As>A, > A;= A4, A4, = G.

PROOF. A5 => A, because y > y, y +> y? are isomorphisms in 4, hence 45 embeds
in the first, and all subsequent, HNN extensions of 45 obtained by adding (z; ¢!yt
= y); then all the (s,; s, ys;' = y?) until we get 4,.

Ay =>A; =4, U <x; {xs,, = sbx2}>
because A4, is the quotient of 4, by the relation x = 1.
Ay = A, =45 U <{"i}§ {ri(sbx_l)ri_l = be}>
U <{Ii}; {li_l(y_]sb)li = ysb}’ {li-ltli = t})

because A, is obtained from A, by a series of HNN extensions. Namely, setting
x =y =1 we see that 7, {s,} form a free subset of 4;. Then s,x~' > 5, x defines an
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isomorphism between free subgroups of A, and hence we have HNN extensions by
the r,. Likewise, y~'s, > ys,, ¢ > ¢ defines an isomorphism between free subgroups,
so the /; also give HNN extensions.

A, has all the generators of G except {q,}, k, and all the relations except
(2, = LT}, {rk = kr,}, xk = kx and k™'(q""1q)k = q"'tq. We now use a trick of
Britton [2, part (z)] to show

A=A, =4,U ({q,}; {2, = liriri}>‘

It will suffice to show 4, = H;, = 4, U (z; ), since A, then embeds in any subgroup
of H containing the generators of 4,, in particular 4,. Now

H =4,V (Z’ {a.}; (2= liriri}>

and if we eliminate the generators ¢, in favour of generators p, = q,z"' we can write
2, = Fp,, 2G;, I, = H, py 2K, giving

H =4,V <Z’ {p.}; {Z_I(PE,lHi_lli_lPa,)z = KiriGi_l}>

which is an HNN extension of 4, U ({ p,}; ), the isomorphism being between free
subgroups since the {/;} and {r;} are free. But 4, = A4, U {({p,}; ) (as quotient by
relations p, = 1), hence 4, = 4, U {({p,}; )= H, as required.

Finally,

G=A4,U <k; k~'xk = x, k™' (g "tq)k = q7'1q, {k'r,k = ri}>,
which is clearly an HNN extension of 4,; hence 4, = G. O

LEMMA 3. The homomorphism ¢: A, — A,, defined by ¢(y) = y>, ¢(t) = ¢, ¢(s;)
= sy, is an isomorphism.

PrOOF. We have to show that the kernel of ¢ is {1}.

The relation s, y = y?s, in 4, implies that any power of y can be moved to the left
across a positive power of s, (doubling its exponent in the process). Thus if any word
W in A, contains a subword s, y’s;! we can cancel s, and s;' by first moving y/ to
the left across s,. Moreover, s;'y%/s, = s;'s, ', hence s; ', 5, can also be cancelled in
this circumstance, and in the single case where we fail to cancel a pair s;', s, with
only y’s between them, s;'y2/*!s, = s5;'ys, /. More trivially, the relation ty = yt
allows us to cancel any pair ¢!, ¢ with only y’s between them.

Let us call the result of deleting all y’s in W the (s, t)-part of W. Applying the
above processes repeatedly, we obtain a (nonunique) normal form of W in which the
(s, t)-part contains no subwords of the form 77!, 7!t or s,s;', and such that any
occurrence of s;'s, in the (s, #)-part corresponds to an occurrence of s;'ys, in the
normal form itself. Now suppose we compute ¢(W) from the normal form of W,
then reduce ¢(W) to normal form as above. Any s;'ys, in W becomes s;'y’s, =
s5'ys,y in (W), hence (W) has a normal form with the same (s, ¢)-part as W.

If the ¢(W) so obtained is equal to 1, we can apply Britton’s lemma [2, Lemma 4]
to conclude that ¢(W) contains a subword of the form s;'Cs, with C € (y?; ), or
5,Cs;' with C € (y; ), if it involves s, at all. The normal form rules out such
subwords, hence no s;,=' occurs. Similarly there is no ¢ * ! so the (s, t)-part of ¢(W),
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and hence of W, is empty. But then
since y is of infinite order by Lemma 2. [

The fact that ¢ sends y to an odd power of y is crucial for the above proof, for if
¢'(y) = y¥ then ¢’ does not send every normal form to a normal form with the
same (s, ¢)-part. In particular, if ¢’: 4, > A, is defined by ¢'(y) =y, ¢'(t) =1,
¢'(sy) = s, and W = y~'s_s;'ys,s-!, we have W # 1 by Britton’s lemma, but

O'(W) =y 2s.s5'y5s,5. = y72s,.ys. =y 2yiss = 1.

Thus ¢’ is not an isomorphism, which explains why (3), (4), (5) do not define an
HNN extension of G.
We can now prove that (3), (4), (5) do, namely

THEOREM 1. F = G U (v; v'yvo = y3, v™'ro = 1, {v7's,0 = 5,}) is an HNN exten-
sion of G, and

E=FuU <u; u'lxu = x3, uku =k, {u's,u = s,,}>
is an HNN extension of F.

ProOOF. If is immediate from Lemmas 2 and 3 that F is an HNN extension of G,
and hence G = F.

Now using the following sequence of groups:

Bs = (x; ),

B, = B5 U (k,{s,}; k™'xk = x, {s5'xs, = x*}),

By = B, U (y; {5,y = y’sp}),

B, = By U ({11 {17 (7 'sp) = ysp ) ) U () {ri(spx ™ Dr7t = s,x}, {(rkr, = k}),

B, = B, U ({q,); {Z = LT},

IL=B,U{z),

G=B, Ut \yt=y,t7(gk7'g")e =gk 'q7", (¢t it = 1)),
one proves exactly as in Lemma 2 that B, is the subgroup of G generated by x, k,
{s,)- Then exactly as in Lemma 3 one shows that Y(x) = x3, Y(k) = k, ¥(s;) = s,
determine an isomorphism in G, and hence in F, since G => F. Thus the isomorphism
condition is satisfied and E is an HNN extension of F. O

Theorem 1 gives G = E and in particular the hard direction of the Boone-Britton
theorem remains true: if 2 is a special word

W(E)=1 nE=2-5¢q inM.
In the next section we rederive the easy direction, using the fact that
y=v"po" and x¥ =u"xu" inE
to economise on space and time.

Calculation with compressed powers. To avoid irrelevant details of polynomial
expressions in this section, we shall say that a quantity X is of order /7, or O(/?) for
short, if X is bounded by a pth degree polynomial function of /. Whenever we have a
sequence of < / quantities X(j) depending on a parameter j, and such that X(j) is
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O(j?), it will be true that each X(j) can be bounded by the same pth degree
polynomial in j, hence we can conclude that X(1) + X(2) + --- is O(/P*).

We begin by finding convenient expressions for the terms y?"~'/,y*"~! which
occur in the derivation in Lemma 1. Let 2™ — 1 = [¢, - - - ¢,¢,], where each ¢, = 0, 1
or 2, be the base 3 numeral for 2” — 1. Now we have

2m—1=¢,-3°+ - +¢ -3 +g,
by definition of base 3 numerals, and
yor¥ = (y¥")" = (vhyoh) ™ = o hysot,
Hence
y2’”—l — U_eyE‘Oe . v—lysloyeo,
and also
= yEO . D"]yelo PP D'eyeeve‘

Following a suggestion of the referee, we cancel v’s as far as possible in these two

expressions for y2"~!, obtaining

(6) vTeyepyte i - - pytioy®,
and

(7) yrooTlyfoTh - o7y e,

each of which has length O(e) = O(m). Hence the expression

1

(8) o_ey£ev “ee uyelvyeo . li -yGOO_lyelv_ o U_lyeeve

for y2"~'1, "~ has length O(m).

If (6) and (7) are viewed as base 3 words for 2" — 1, then they should turn into
the corresponding words for 2™*! — 1 as (8) is passed to the left across an s,, since
y¥"=1.y*" =" turns into y2""' "', y?""'~'. In fact, this conversion can be made in
linear time by imitating the ordinary method of computation with base 3 numerals,
as the following lemma shows.

LEMMA 4. (1) If[e, - - - 16] + 1 = [€,,, - - - €16g] then v y®ev - - - vy vY*y can be
converted to v ¢+ Dycerip - - - pyivy® in O(e) steps.
(i) If [e, - - - &,60) X 2 = [y, - - - €]€y] then v ¢t**<p - - - vy**1vp*® can be con-

verted to v ¢+ Dyceriy - - . pySoy® in O(e) steps.

There are analogous results for words of the form (7).

PROOF. (i) 0™ ¢y®ev - - - vySioy®-y = v ¢y - - - vy*rop® % where §, =0 or 3 is
the carry. If §, = 0 then ¢, = ¢,...,e, = €., €, ,; = 0 and there is nothing to do but
insert v™'v after v to get v ¢+ Vyrip - - pycipy®, If §; = 3 we pass y% to the left
using the relation vy> = yv from (2), obtaining

O'eyeev RN Dyelyvyfb = D_eyeev e vy81+9/lvyei)

where 8, = 0 or 3 is the new carry. Then proceed as before, propagating the carry to
the left, until one has

U—ey8‘,+s’,v .. vye’,vyef, — U—(e+l)vy8,+e’,v R vyeivye{)’
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insertingv'v if §, = 3
= U'(e+l)y5'e+lvy5’ev e ny/lvysé)

using vy? = yv.

The whole process takes O(e) steps.

(i) v=ep2eev - - - vy2apy?e = p=y2eep - - - py?apyYot s where y, =0 or 3 is the
carry. If y, = 3 then we pass y"° to the left using vy® = yv, obtaining

v_eyzsev PPN Oyzsl .yvyElOl = v_eyzeeo PPN Dy‘YI-‘Lelllvye/O)

where y, = 0 or 3 is the new carry. If y, = 0 then vy, is defined by 2¢; = v, + ¢/. In
either case we send y™ to the left as we did y°, and so on, arriving at v (¢ Dyer1p
-+ - vy®ipy® in O(e) steps, much as in (i).

Completely analogous derivations are used for words of the form (7). O

Our main theorem now follows.

THEOREM 2. E simulates Turing machine computation in linear space and cubic time.

PRrOOF. We first use Lemma 4 to show that the word (8) for y2"~',y?"~! can be
passed to the left across an s, and turned into the corresponding word for
y2" "' =1y 1 in O(m) steps. The 2"~ on the left of /, is expressed by a base 3
word

(6) U'eyeev e Uyelvyeo.

Since 5,0 = vs, and s,y = y2s, by (2), (6) can be converted to v™¢y 2%y - - - py2epy2eo,
on the other side of s,, in O(e) = O(m) steps. Lemma 4(ii) says that the latter can
be converted to v (¢*Dycrip ... ppipy® in O(e) steps, where [e7,,...,e/] =
[e.- -8, &) X 2 = 2™ — 2. Next we pass /; to the left by the relation s,/, = yl, ys,
of (2), so on the left of /; we now have

v'(e+l)y€'e'+|o e Dye‘i’vyeb’ -y,
which, by Lemma 4(i), can be converted in O(e) steps to
p(et I)ye'¢+|v . vyeivyei)
where
[ebris. e, 0] = [€/h1,.. .80, eg] + 1 =271 — 1,

as required. The word (7) on the right of /; in (8) can be handled in a completely
analogous way, hence the whole word (8) can be passed leftwards across an s,, with
appropriate changes, in O(e) = O(m) steps.

We can now reorganize the derivation of W(Z’) from W(Z) in Lemma 1 to
operate in linear space and cubic time.

Let 2= U2V, Z, = ULV as before, and first consider what happens to the
subwords ==' of W(Z). We convert US,V to UL,T,~,V and then move /, (flanked by
lengthening words (6) and (7)) to the other side of U, and r, (accompanied similarly
by a lengthening entourage of #’s and x’s) to the other side of V.

The movement across U divides into ¢ (= length(U)) stages, in each of which the
word (8) passes a single letter s, in U. By the argument above, each such stage can be
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completed in O(/) steps, where / = length(Z) = m. The movement across V divides
into d (= length(V")) similar stages, and ¢, d < /, hence the movements across U and
V can be completed in O(/?) steps, after which the entourages of /; and r; have length
O(!). The remaining movements across ¢ and k, and subsequent annihilations, take
time of the same order as the length of the entourages, and there is no further
increase in word length, hence the whole derivation from W(Z) to W(Z’) takes space
O(!) and time O(/?). This gives the linear space bound on E’s simulation.

To find the time bound, suppose there are s steps in the computation by Turing
machine M. Then there are O(s) steps in the simulation by T, and if / is the length of
the initial ID, any ID X occurring in the simulation by T has length </ + 5. The
simulation by E from W(X) to W(Z’) therefore takes < p(/ + s) steps, where p is
some quadratic polynomial, hence there are < s- p(/ + s) steps in E’s simulation of
the whole computation. Thus we have a time bound s - p(/ + s) which is cubic in s
(and quadraticin /). O

Computation in surface complexes. Computation in surface complexes was dis-
cussed in [12 and 13]. A brief recapitulation of the relevant parts is as follows. Given
a group H = ({a;}; {r, = 1}), one constructs a 2-dimensional cell complex C =
C(H) by taking a bouquet of circles, corresponding to the a;, and attaching a disc
d;, with boundary corresponding to r;, for each relator. C can be given a triangula-
tion S = S(H) to produce a 2-dimensional simplicial complex (C, S) whose descrip-
tion is roughly proportional in size to the presentation chosen for H.

A word W of H corresponds to a closed edge path w of S, and an atomic
operation on W is simulated by a series of simplicial homotopies on w—insertion or
deletion of r; by pulling w from one side of d; to the other, and insertion or deletion
of a,a;! or a;'a, by insertion or deletion of spurs, where a spur is a path which runs
out and back along an edge of S. Since there are constant bounds on the number of
homotopies required to pull a path across a d; one triangle at a time, or to pull out a
path a,a;" one spur at a time, this system simulates computation in H in linear space
and time. In particular, if we take H to be the group E = E(M), then M’s
computation can be simulated by simplicial homotopies in (C(E), S(E)) in linear
space and cubic time by Theorem 2. Halting of M ’s computation corresponds to the
contraction of w to a point.

In [13] we gave a modification of the above construction which allows the curve w
to remain simple at all times. The circles g, are replaced by annuli 4, = I X g, with a
single transverse segment / in common. Any word W in the generators a; can be
represented by a simple arc w winding round the annuli, with its ends at different
points of I. A square I X J which meets the annuli only along I provides space for w
to be closed to a simple curve w. Disjoint interior subintervals I; of I yield disjoint
subannuli ; X a; which are used to carry arcs 7, representing the defining relators of
H. We take the ends of 7 to be ends of I;; then spanning each 7, U I, by a disc d]
gives a complex C’'(H) which deformation retracts to C(H), hence it has the same
fundamental group. Thus the same relations hold in C’(H), and computation can
still be simulated.
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To simulate conversion of W = UV to Ur}V one isotopes w into the form ul;v,
where u, v are arcs disjoint from 7, representing U and V, then pulls its subarc /,
across d; to position #,. Deletion of 7, is done by the reverse process, and insertion or
deletion of a;a;' or a;'a, is simulated even more trivially by isotopies. Thus the
curve remains simple at all times, and it can clearly be represented by an edge path
in some triangulation, although one needs increasingly fine triangulations of C’(H)
as longer words have to be handled.

Assuming a bound / on the lengths of words is given in advance, a suitable
triangulation S = S(/) can be constructed as follows. To represent a word of length /
one needs / “tracks” on each annulus to carry up to / turns of an arc. The arc must
also be able to move sideways enough for any part of it to be isotoped onto an 1,
say by having / tracks between any two adjacent subannuli /; X 4,. Such tracks, and
transverse connections between them to allow the curve to jump from one track to
the next, can be provided by O(/) triangles. The extra triangulation needed for the #,
and d] is only a constant amount, and the amount of triangulation of the square
I X J needed to carry the arcs which close the w to w is also O(/). Thus the
simulation of computation still remains in linear space, though the degree of the time
bound goes up by two—it takes O(/%) simplicial isotopies to manipulate w into the
form qur ready to simulate insertion of the relator rs since each of the < / turns of w
has to be moved across O(/) tracks.

With a fixed triangulation S of C’, the problem of deciding whether a simple
curve w reduces to the boundary of a triangle by simplicial isotopies of S (that is,
whether w is simplicially unknotted in C’ with respect to S) is a PSPACE problem, as
was noted in [13]. We are now able to prove that this problem is PSPACE-complete.

We refer to [S] for a discussion of PSPACE and PSPACE-completeness. In
particular, we shall appeal to the PSPACE-completeness of the following problem [5,
p. 175].

£: Given a Turing machine M which works in space equal in length to the initial
ID, and an ID 2, decide whether = leads M to halt.

THEOREM 3. The problem X of deciding, given a finite 2-dimensional simplicial
complex (C, S) and a simple edge path w of S, whether w is simplicially unknotted in C
with respect to S, is PSPACE-complete.

PrOOF. Since K is in PSPACE, it will suffice to reduce £ to it in polynomial time.

To do this we construct E(M), then C(E), and a path w(Z) corresponding to
W(Z). It takes quadratic time to write down the presentation of E(M) (because of
the relations with two sets of indices) and essentially the same time to describe C(E)
and w(Z). Since the ID’s of M being simulated have lengths < length(Z), Theorem 2
tells us that the lengths of words W used when E(M) simulates M can be bounded
by a linear function of / = length(Z), and hence in time polynomial in / we can
construct a triangulation S(E, Z) of C(E) in which the operations of E can be
simulated by simplicial isotopies.

Then

2 leads M to halt  W(Z) =1 in E = w(Z) is simplicially
unknotted in C(E) with respect to S(E, Z).
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It is clear that C(E(M)), S(E(M), Z), w(Z) can be uniformly computed from M,
Z; hence we have a polynomial time reduction of £to K. O

Theorem 3 complements the results on computation in surface complexes in [12].
The general framework is the following:

“machine” = 2-dimensional simplicial complex (C, S);

“input” = simple edge path w of S;

“atomic operations” = simplicial homotopies of S;

“halting” = reduction of w to the boundary of a triangle of S. If the simplicial
homotopies are

(a) unrestricted, we get general recursive computation [12],

(b) restricted to isotopies, we get PSPACE computation (Theorem 3),

(c) restricted to isotopies which never return the path to an edge it has previously
left, we get NP computation [12].
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